Introduction
The linearized sloshing problem can be treated as an eigenvalue problem, representing free fluid vibrations inside a container, and provides the sloshing frequencies and modes. Under a specific external excitation it is converted into a transient problem, representing fluid motion within the moving container.
The sloshing solution depends strongly on the container shape. For nondeformable rectangular and vertical-cylindrical containers the sloshing problem for ideal fluids can be solved analytically, using separation of variables, ͓1͔, resulting in a set of uncoupled equations, one for each sloshing mode. In particular, the case of vertical cylindrical vessels has been extensively investigated since the late 1950s, mainly because of space vehicle applications, ͓2,3͔, as well as for determining the seismic response of liquid storage tanks, ͓4,5͔. Based on this exact sloshing solution, other effects, such as tank wall deformation, ͓6,7͔, or soil-structure interaction, ͓7,8͔, can be considered in an approximate manner. The recent publication of Ibrahim et al. ͓9͔ offers a broad overview of sloshing dynamics with emphasis on vertical cylinders and rectangles.
Containers of different shape, such as horizontal cylinders or spheres have received much less attention. In these configurations exact analytical solutions may not be available and the use of numerical methods becomes necessary, in addition to experimental testing. Most of the work in horizontal cylinders is focused on the eigenvalue sloshing problem, towards the computation of sloshing frequencies and the corresponding modes in the transverse and longitudinal directions, ͓10-14͔. Experimental measurements of sloshing frequencies in horizontal cylindrical vessels, were reported by McCarty and Stephens ͓15͔ and Kana ͓16͔. The corresponding transient problem in the transverse direction has been studied in an early work by Budiansky ͓17͔, while, recently, Kobayashi et al. ͓18͔ reported experimental measurements for sloshing frequencies and hydrodynamic forces in both directions, which were compared with analytical results from equivalent rectangular containers.
Generally, sloshing analysis in horizontal cylindrical vessels filled up to an arbitrary height requires an approximate or numerical solution. However, for the particular case of half-full horizontal cylinders an analytical solution is possible. Evans and Linton ͓19͔ presented such a solution for the eigenvalue-sloshing problem ͑free fluid vibrations in a nondeformable container͒, expanding the velocity potential in terms of non-orthogonal bounded spatial functions.
The present work is aimed at calculating the response in halffull horizontal cylindrical containers under any form of longitudinal excitation, extending the analytical eigenvalue formulation of Evans and Linton ͓19͔. In particular, the objective of the paper is the solution of externally induced liquid sloshing in half full cylinders under longitudinal excitation, through a semi-analytical manner, without implementing finite difference or finite element approximations. The present sloshing solution is divided in a ''uniform motion'' part, trivially obtained, and a part related to sloshing, representing the relative fluid motion within the container. Using a series expansion of the velocity potential, the problem reduces to a system of ordinary linear differential equations, which is solved numerically. For the case of harmonic excitation the formulation results in a system of algebraic equations yielding semi-analytical solutions of benchmark quality. Sloshing frequencies and modes, hydrodynamic pressures and the corresponding sloshing forces are computed in a simple and efficient manner. Dissipation effects are considered and their influence is examined. Furthermore, considering the first two terms of the series in the transverse direction, an elegant simplified formulation is obtained, which yields quite accurate results. The case of harmonic excitation and the response under a real seismic event are examined. The response of the half-full cylinder is compared with the response of an ''equivalent'' rectangular container, which has the same free-surface dimensions and contains the same amount of liquid. It is shown analytically and numerically that the equivalent rectangle can be used for approximating the response of the halffull cylinder.
high levels of internal pressure and therefore, in our formulation, the vessel is assumed rigid ͑non deformable͒. Furthermore, the vessel is half full and undergoes an arbitrary motion in the direction of the longitudinal axis z with displacement Z(t), as shown in Fig. 1 . The amplitude of the external excitation and the resulting free surface elevation are assumed to be sufficiently small to allow linearization of the problem. It is assumed that the fluid inside the container is inviscid and the flow can be described by a velocity potential function ⌽(r,,z,t), which satisfies Laplace equation within the fluid volume:
The velocity potential is subjected to the linearized dynamic and kinematic free-surface conditions
and
respectively, where g is the gravitational constant and ϭ(r,z,t) is the free-surface elevation. Combination of boundary conditions ͑2͒ and ͑3͒ leads to the mixed boundary condition
Moreover, ⌽ should satisfy the kinematic conditions at the walls of the rigid container
Subsequently, ⌽ is decomposed in two parts ⌽͑r,,z,t ͒ϭ f ͑ z,t ͒ϩ͑ r,,z,t ͒
where f (z,t) and (r,,z,t) are the ''uniform motion'' velocity potential and the potential related to sloshing, respectively. The velocity potential f corresponds to a ''rigid body'' motion of the fluid, which follows exactly the motion of the external excitation source, and satisfies the Laplace equation and the nonhomogeneous part of the kinematic conditions ͑6͒ at zϭ0 and zϭL. Thus the solution of the ''uniform motion'' is antisymmetric with respect to zϭL/2 and it is trivially obtained as
Then the velocity potential , which represents the relative motion of the fluid particles within the container due to sloshing, should satisfy the Laplace equation within the fluid region and the following boundary conditions:
and ‫ץ‬ ‫ץ‬z ϭ0, at zϭ0, L, Ϫ/2ϽϽ/2, 0ϽrϽR. (11) It is noted that the boundary value problem stated above for the cylinder of semicircular cross section cannot be solved trivially by separation of variables.
Solution for the Potential Related to
Sloshing. The solution of the problem related to sloshing contains certain characteristics. Due to the nature of the external excitation and the symmetry of the vessel geometry with respect to planes zϭL/2 and ϭ0, the above expression is anti-symmetric in terms of z ͑longitudinal direction͒ and symmetric with respect to the ϭ0 plane. Thus a general solution for the unknown function satisfying the Laplace equation is considered in a series form as
where q n p (t) are unknown arbitrary time functions and I n (x) are the modified Bessel functions of order n. The boundary conditions ͑11͒ at zϭ0 and zϭL are satisfied provided that k p ϭp/L, p ϭ1,3,5, . . . The expression of is rewritten in the form, ͓19͔,
separating odd and even terms of the series in the transverse direction.
Substituting the above expression for into boundary condition ͑10͒ and applying the integral operator ͐ 0 /2¯c os(2m)d, m ϭ0,1,2 . . . , the following relations between the even and odd unknown time functions are obtained:
and Transactions of the ASME nϾ0, pϭ1,3, . . . (15) where IЈ(x) denotes the derivative of the modified Bessel function with respect to x. Next substituting Eqs. ͑8͒ and ͑13͒ for f (z,t) and (r,,z,t) respectively into boundary condition ͑9͒ yields
Applying the integral operator ͐ 0 L¯c os(k S z)dz, sϭ1,3,5, . . . , the double sum of Eq. ͑16͒ is converted into a system of equations
Then, using the identity, ͓20͔,
with q Ϫ1 ϭ0. Subsequently, implementing the following expansion, ͓20͔,
and equating terms of equal order in n, the following expressions are obtained:
Finally by substituting Eqs. ͑14͒ and ͑15͒ into Eqs. ͑21͒ and ͑22͒, respectively, the following infinite system of second-order ordinary differential equations is deduced for each mode p:
where ͓M p ͔ and ͓K p ͔ are square matrices, ͕␥ p ͖ is a vector, with nϾ0, pϭ1,3,5, . . . (27) and ͕q p ͖ is the unknown vector with components q 2mϩ1 p (t), m ϭ0,1,2, . . . . Solution of vector Eq. ͑23͒ is performed through a typical time-marching numerical scheme, and leads to the calculation of functions q 2mϩ1 p (t) and their derivatives. For computational purposes a truncated series in Eq. ͑13͒ is considered (n ϽN, where N is the truncation size͒, and a truncated system of ordinary differential equations is obtained, which is solved in terms of q 2nϩ1 p (t). Subsequently, Eqs. ͑14͒ and ͑15͒ are used to determine the even functions q 2n p (t), so that the potential associated with sloshing is completely defined.
The elevation of the free surface is obtained by integrating the kinematic boundary condition ͑3͒ with respect to time:
2.3 Energy Dissipation. To account for dissipation effects, a damping term proportional to the first derivative of the generalized coordinates is introduced in Eqs. ͑23͒,
where ͓C p ͔ is a square matrix, considered in the form of a Rayleigh damping matrix
where ␣ 0 and ␣ 1 are constants.
It is interesting to note that in previous works, ͓21,22͔, a different formulation was proposed to model damped systems, which enables the use of potential theory and introduces a damping term proportional to the potential related to sloshing in the dynamic boundary condition as ‫ץ‬⌽ ‫ץ‬t ϩϪgϭ0, at ϭϮ/2, rϽR, 0ϽzϽL. (31) The extra term represents a force, which opposes particle velocity, and the proportionality constant is a viscosity coefficient. Equation ͑31͒ leads to the following mixed boundary condition at the free surface
(32) If boundary condition ͑32͒, instead of ͑4͒, is implemented in the formulation, it yields a system of ordinary differential equations identical to that of Eq. ͑29͒, with ͓C p ͔ϭ͓M p ͔, a special form of Raleigh damping.
Hydrodynamic Pressures and Forces.
Once the velocity potential associated with sloshing is calculated, the hydrodynamic pressure at any location can be computed from the linearized Bernoulli equation
On the right-hand side of Eq. ͑33͒ the first term refers to the uniform motion, while the second term refers to sloshing effects. The pressure associated with sloshing at zϭL is
The total horizontal force acting on the container is obtained by an appropriate integration of the pressure as
where A is the area of the two ''wet'' semicircular ends of the container (zϭ0, zϭL), e z is the unit vector in the z direction ͑Fig. 1͒, and n the outer unit vector normal to A. From Eqs. ͑33͒ and ͑35͒, the total force F can be also expressed as the sum of the ''uniform motion'' force F U and the force associated with sloshing
respectively, so that FϭF U ϩF S . The uniform motion force is readily calculated as
where
is the total liquid mass. The force related to sloshing at zϭL is calculated by integrating the pressure on the end section zϭL
The total force associated with sloshing F S is equal to twice the value of force F SL , due to the antisymmetry of the solution. It is interesting to note that from the series expansion in the transverse direction ͑i.e., summation with respect to n͒, all odd terms (n ϭ1,3,5 . . . ) contribute to the sloshing force, whereas from the even terms only the first term (nϭ0) contributes.
Simplified Solution and Mechanical Model
It is possible to develop a simplified version of the above formulation considering only the first two terms of the series expansion of the potential in the transverse direction ͑truncation size Nϭ0 in Eq. ͑13͒͒. This yields elegant expressions of very good accuracy for frequencies, pressures and forces, and motivates the development of an equivalent mechanical model.
Simplified Sloshing Solution.
Assuming that the potential related to sloshing is equal to ϭ ͚ pϭ1,3,5
and applying the boundary conditions, the following equations are obtained
which are analogous to Eqs. ͑14͒ and ͑23͒, respectively. To account for dissipation effects, a damping term may be introduced in each equation, proportional to the first derivative of the unknown time function:
which is an equation analogous to Eq. ͑29͒, and ␣ p is constant. This equation can also be written in the form of a linear oscillator equation
is the circular ͑undamped͒ sloshing frequency corresponding to the pth mode obtained with the simplified methodology and
is the corresponding damping ratio. Equation ͑47͒ can be employed to estimate the value of ␣ p , if the damping ratio p for a certain mode p is somehow estimated ͑e.g., experimentally͒. Furthermore, the sp value is an approximation of the first sloshing frequency of the pth mode, since only the first two terms of the series expansion in the transverse direction are employed, and can be expressed in the following nondimensional form:
which indicates sloshing frequencies depend on the container aspect ratio (L/R). The hydrodynamic pressure and force associated with sloshing on the wall at zϭL are
respectively, where S m,k p is defined in Eq. ͑40͒ and B p in Eq. ͑42͒. The force F SL is applied at a certain location on the symmetry axis xϭ0 of the end section zϭL ͑Fig. 1͒. Then the moment M SL of force F SL about the x-axis is
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and the distance y s of force F SL from the cross-section center is equal to the ratio M SL /F SL . The entire force associated with sloshing F S is the sum of the forces at zϭ0 and zϭL and the total force F is the sum of F S and F U where the uniform motion force F U is given by Eq. ͑37͒.
Equivalent Mechanical Model.
The above simplified solution motivates the development of an equivalent mechanical model, which approximates the liquid-container response. Introducing a new variable x p (t) for each mode p,
the corresponding equation of motion becomes
Furthermore, the entire force associated with sloshing becomes
is the sloshing force corresponding to mode p. In the above equation, M S P expresses the part of liquid mass associated with sloshing motion, which refers to mode p. Equations ͑53͒ and ͑54͒ corresponds to a series of oscillators, one for each longitudinal mode p. Setting
it is straightforward to rewrite Eqs. ͑53͒ and ͑54͒ in the form
Based on Eqs. ͑58͒ and ͑59͒, the liquid-container system is simulated through a series of linear oscillators as shown in Fig. 2 . In this model, Z represents the external source motion, and u p expresses the motion of the liquid mass associated with sloshing mode p. Furthermore, the total liquid mass M L is split in a part M I , which follows the motion of Z(t), expressing the so-called ''impulsive'' motion, and a series of masses M S p (pϭ1,3,5, . . . ), which correspond to u p (t), expressing the so-called ''convective'' ͑or ''sloshing''͒ motion, ͓3,4͔. The position y S p of each oscillator on the y-axis is calculated through their moments about the x-axis. It is readily obtained that
indicating that y S p depends on the aspect ratio (L/R) of the container. As an example, for L/Rϭ3, the y S p /R values for oscillators corresponding to modes pϭ1, pϭ3, and pϭ5 are 0.419, 0.379, and 0.296, respectively.
Solution for Harmonic Excitation
The mathematical formulation for arbitrary excitation is significantly simplified when the rigid container undergoes a harmonic motion where U is the velocity amplitude, and is the angular frequency of the external excitation source. Assuming steady-state conditions, the velocity potentials become 
an equation analogous to Eq. ͑13͒. Applying the boundary conditions, the following infinite system of linear algebraic equations is obtained pϭ1,3,5, . . . . (66) In the above system, the square matrix ͓M p ͔, the diagonal matrix ͓K p ͔ and the vector ͕␥ p ͖ are given by Eqs. ͑24͒-͑27͒ and ͕a p ͖ is the unknown vector with components a 2nϩ1 p , nϭ0,1,2, . . . . Similarly, the response of the damped system is obtained through the solution of the algebraic system
where the matrix ͓C p ͔ is given by Eq. ͑30͒. Subsequently, the hydrodynamic pressures and the force acting on the container can be computed from Eqs. ͑33͒ and ͑35͒, respectively. It is interesting to note that in the case of harmonic excitation the present approach may be considered as semi-analytical since the only computational work required is the solution of a truncated linear algebraic system. If Uϭ0, Eqs. ͑66͒ reduce to a homogeneous system, identical to the one obtained in ͓19͔.
An estimate of the externally induced sloshing effects on the response can be obtained from the added mass coefficient, ͓22͔, for each longitudinal mode p, defined as
On the other hand, the dimensionless damping coefficient
provides a measure of dissipation effects when damping is included, ͓22͔. In the above expressions, Re͓ ͔ and Im͓ ͔ denote the real and the imaginary part of the F s p /F U ratio, respectively. It is possible to obtain an elegant closed-form analytical solution for harmonic excitation, if the velocity potential is approximated only with the first two terms of the series expansion in the transverse direction (nϭNϭ0 in Eq. ͑65͒͒. In such a case, becomes It is possible to demonstrate analytically that for long cylinders (L→ϱ), the C a p and C v p values of a half-full cylinder obtained through the simplified methodology coincide with those of the rectangular ''equivalent'' container. More specifically, computing the limits of Eqs. ͑72͒, ͑73͒ and ͑A8͒, ͑A9͒ and considering hϭR/4, one obtains
5.3 Results for Earthquake Ground Motion. The response of horizontal-cylindrical liquid containers under earthquake excitation is of particular importance for the seismic analysis of pressure vessels used in refineries and petrochemical industries. The efficiency of the proposed methodology to handle an arbitrary type of external excitation is demonstrated calculating the response of a half-full horizontal cylindrical vessel, subjected to the El Centro 1940 seismic ground motion ͑Fig. 8͑a͒͒. The vessel has radius Rϭ1 m, length Lϭ12 m (L/Rϭ12), and liquid density ϭ1000 kgr/m 3 (gϭ9.81 m/sec 2 ). According to Eqs. ͑55͒ and ͑60͒, for this half-full container, the sloshing masses for p ϭ1 and pϭ3 are equal to 80% and 8% of the liquid mass M L , whereas the impulsive mass M I is equal to 9% of M L . The linear system of Eqs. ͑29͒ is integrated in time (⌬tϭ0.02 sec) through a fourth-order Runge-Kutta scheme in Matlab programming.
The dependence of the maximum value of the sloshing force F s,max on the truncation size is presented in Table 1 for zero damping. It is interesting to note that consideration of few terms of the series in the transverse direction ͑e.g., nϽNϭ4) is adequate to provide quite accurate results for engineering purposes. The results are very well compared with those from an equivalent rectangular container. Furthermore, for all longitudinal modes the results from the simplified formulation (Nϭ0) are very close to the converged results.
Figures 8͑b͒, 8͑c͒, and 8͑d͒ show the uniform force F U , the force associated with sloshing F s and the total force F, respectively for the cylindrical vessel under consideration, under the El Centro earthquake and for 5% damping. The F s , F values are obtained with a truncation size Nϭ4, and for six longitudinal modes (pϽ11), and the maximum total force is 5.87 kN ͑at 6.83 sec͒. The results show that sloshing force counteracts the uniform motion force and this is due to the fact that the dominant earthquake excitation frequencies are significantly larger than the dominant sloshing frequencies 1 p implies that F s is out of phase with F U .
Conclusions
A mathematical model is developed for the simple and efficient solution of externally induced liquid sloshing in longitudinal excited half-full horizontal cylindrical containers. The velocity potential is split in two parts, a ''uniform motion'' potential ͑trivially obtained͒ and a potential associated with sloshing. In this configuration, the problem formulation is not separable and the general solution of the sloshing potential is written as a double series expansion of unknown time functions and their associated spatial functions, which are nonorthogonal in the transverse direction. The formulation reduces in a series of systems of linear differential equations ͑one system for each longitudinal mode͒, which is truncated and solved numerically. For the particular case of harmonic external source, a series of systems of linear algebraic equations, allowing for a semi-analytical solution. The convergence is generally rapid and a small truncation size N provides very good results.
The sloshing problem is significantly simplified if only the first two terms of the series in the transverse direction (Nϭ0) are considered. This simplification yields quite accurate results in terms of sloshing frequencies and forces, especially for containers with relatively large aspect ratio (L/R), and motivates the development of an equivalent mechanical model to approximate the sloshing response of the vessel.
Subsequently, the response of a typical half-full horizontal cylinder subjected to a real seismic event is examined, and the hydrodynamic forces acting on the container are calculated. The results indicate that sloshing has a significant effect on the total force value.
Finally, it is shown numerically and analytically that sloshing frequencies, modes and forces calculated for the half-full horizontal cylinder compare very well with those from an ''equivalent'' rectangular vessel, especially for long cylinders. Therefore, the ''equivalent'' rectangle may be used for approximating the halffull horizontal cylinder response for engineering purposes. 8 Response of a half-full cylindrical vessel subjected to the El Centro earthquake in its longitudinal direction for 5% damping. "a… El Centro ground motion "source: http:ÕÕ www.vibrationdata.comÕelcentro.htm…, "b… uniform motion force F U , "c… force associated with sloshing F s and "d… total force F. 
